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We have de r i ve d  an a p p r o x i m a t e  solut ion for  the non l inea r  p r o b l e m  of heat  conduct ion  fo r  
a compos i t e  moving  r eg ion  in the case  of a va r i ab l e  ve loc i ty  of mot ion  fo r  the m e d i u m .  

In this a r t i c l e  we e xa m i ne  the p r o b l e m  of t e m p e r a t u r e - f i e l d  d i s t r ibu t ion  for  a moving  m e d i u m  c o n -  
s i s t ing  of two med ia  exhibi t ing d i f fe ren t  t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s .  The given reg ion ,  conta in ing  the 
axis  of a b s c i s s a s ,  m o v e s  at  a ve loc i ty  which is a l i nea r  funct ion of the t e m p e r a t u r e  g rad ien t .  In each  of  
the se r e g i o n s ,  the he a t - c onduc t i on  coef f ic ien t  is an exponent ia l  funct ion of tempe r a t u r e ,  i .e . ,  K (u) = K0u 2. 
M o r e o v e r ,  c = cons t  and p = cons t .  

The p r o b l e m  is d e s c r i b e d  by the fol lowing s y s t e m s  of non l inea r  equat ions :  

Ou, 0 K ,  (ui) - -  et + ui , 
Or Ox [ \ Ox / Ox ~ J 

xE( - -  oo, 0l; 

Ou2 0 K~ (u2) + 
o~ ox L\  ox ] ~ Ox~ J' 

xE[O, oo), 

(I) 

(2) 

f o r  the fol lowing init ial  and boundary  condi t ions :  

ui (x, 0) = Uo,, u2(x, 0) = Uo2, u, (0, ~) = uz (0, ~); (3) 

Ki (uO Out (0, "0 = K2 (u2) Ou2 (0, ~) , (4) 
Ox Ox 

where  ~t, ~2, u01, and u02 a r e  c o n s t a n t s ;  ~l = Ko u2 and 6 t = ~u o. 

With the a s s u m p t i o n s  made  h e r e ,  it is e x t r e m e l y  diff icul t  [1] to find an  exac t  ana ly t i ca l  soIut ion for  
the sought  s y s t e m .  In this p a p e r  we have ,  t h e r e f o r e ,  succeeded  through the use of p o w e r  expans ions  to 
expand the c l a s s  of solved p r o b l e m s  and to find an app rox ima te  solut ion within the c l a s s  of ho lomorp h i c  
funct ions  [2]. 

With a s e l f - s i m i l a r  f o rm u l a t i on ,  we ach ieve  a s y s t e m  which is wr i t t en  in the fol lowing f o r m :  

( _ ~ t  ~ ) dW~ ~t  (%,~, - -  6o0 , (5) - -  2 t  = 2 ( 2 e o i ~ l  ~ 6 0 0  + dt ~ 

x r  ~ ,  01; 

2t dT2 { d~F2 '12 (2%2~2 - -  6o2) + dW2 
- d--T = i - ~ "  ~ 7  r ~v2 (~o~V~ - -  ~ o ~ ) ,  (6) 

xC[0, ~) .  

The boundary  condi t ions  a s s u m e  the f o r m  

~ ,  It== = Toa, Wz [t== = To2; (7) 
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'Fi Jt=o = ~2 It=o; 

K ' ( W t ) \ - d t ~ J L = o = - - K 2 ( W ~ ) \  dt J~=o 

(s) 

(9) 

Here ~01, 802, 6oi, and 502 are constants, and t is a space variable. 

Equations (5) and (6) with boundary conditions (7)-(9) with extremely general assumptions relative 

to the functions K(~) and ~(t) have a uniform solution [3]. 

The solution for (5) and (6) is sought formally in the form of asymptotic power expansions: 

~ (t)= ~ a,~ (Cp (t - -  q)~, 
r t=0 

1F 2 (t)= ~__~ b~ (Dq) (t - -  t2)". 
n=O 

(lO) 

(11) 

In this case t i and t 2 are, respectively, arbitrary points in two regions ; Cp and Dq are constants which 
are functions of the constants in the equations and of the geometric dimensions of the regions. Moreover, 

as will be demonstrated later on, 

an+v ~ Ft (a o, at, . . . ,  a,~+wi, bo, bt, . . . ,  b~+v_~, C v, D,:), (12) 
bn+v =F2(bo, b~ . . . . .  , b~+v_t, ao, at, . . . ,  a~+v_i, Cp, Dq). (13) 

For the sake of convenience, dividing both parts of (5) and (6) by ql and ~2, respectively, we derive 
a more convenient form of notation. 

Concepts similar to (i0) and (Ii) permit all of the terms in (5) and (6). 

We denote 

1 -- ~ E~ (t - -  tt) ~. 

Then, taking the logarithms and the derivatives of the two parts of (14), we obtain 
k 

E o = ao', E~ = - - a  o ~ a l E ~  l. 

we have 

Analogously, if 

1 - s  
rz:~O 

(14) 

k 

b ~ b H (~ (15) H o=b6 -1, H,~=--  o ~  z ~-l' 

The terms in the left-hand members of (5) and (6) permit the following representations with respec~ 
to powers of the space variable: 

2t dWt(t)  _ 2t ~o (n  + l )a~+~( t_ t , )~  2_~_t (n + 1 --k)an+i_ k a~E(k~(t--t i)  ~, 
T l (t) dt a o a o 

(16) 

2t d~ 2 
~z(t) dt 

- - s  s 
- ~ - ~  ( n 2 t  + 1)b~+l ( t - - t2F- -  2~ot E ( n + l  k) b,~+i_ h bzH~)t ( t - - t z )  ~. 

0 n~O n=O /~=1 1=1 

(17) 

Using the Cauehy formula and the exponential representations proposed in [2], we obtain the follow- 
ing expansions: 

[ d ~ ' \ 2  s 1 6 3  
2eo, I - ~ )  =2eot r e ( n - - m +  1)ama=_~+t(t--t,)", (18) 

n ~ 0  ri1=1 
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,~ nq-2 

eo,T , (t) dW~ =eox E E i(i  - -  1) aia.+, ~ (t - t,) n, 
n = 0  i ~ 2  

(19) 

I (dv  7 
60, i - d / - /  =60, 

in which  we have  i n t r o d u c e d  the no ta t ion  

r oo n 

a~ (n + 1)a,~+l (t - - tO  n + 6o~ z.., ~-n+X--~ 
a o  ~ n=-O i = 1  

(20) 

~o(2) = -  a t ,  

6 0 i  - -  

i 
V~ 2) = (n + i ) a .+  l - -  (n + 1 - - ] )  an+t_j Z a~E} 1)~' 

j ~ l  s = l  

m 

d2qrt = 6 o i 2 ( n  + l ) (n § 2) a~+~ (t - -  q) ~, 
d? 

n=O 

(2i) 

S i m i l a r  p o w e r  e x p a n s i o n s ,  u n d e r  the s a m e  a s s u m p t i o n s ,  a r e  p e r m i s s i b l e  fo r  the t e r m s  in [6]. 

G i v e n  s u f f i c i e n t l y  g e n e r a l  a s s u m p t i o n s  wi th  r e s p e c t  to K(~) and ~( t )  fo r  both  of the r e g i o n s ,  f r o m  the 
c o n d i t i o n  of c o n j u g a c y  at  the po in t  t = 0 we d e r i v e  the fo l lowing  r e p r e s e n t a t i o n s :  

n--h  ~ n n--z  

% , ~  ~'~ (h + 1) ah+ ' Z ao)a~_o)(t ti)" = - -  eo~ ~ ~__,,(z+ 1 ) b ~ + , ~ b x b  "_x(t - -  t2) ~ (22) 
n = 0  h = 0  r n = 0  z = 0  X=0 

and  the s a m e  th ing  ho lds  fo r  the c o n j u g a c y  cond i t i ons  (8) and the b o u n d a r y  c ond i t i ons  (7). 

L e t  us  s u b s t i t u t e  a l l  of the d e r i v e d  r e p r e s e n t a t i o n s  into (5) and  (6). 

F r o m  the b o u n d a r y  cond i t i on  (7) we f ind the f i r s t  c o e f f i c i e n t s  of the unknown func t ions  ~ t  and  ~2: 

a o = T o i  , b o=Woz. (23) 

F o r  c o n v e n i e n c e  in the s u b s e q u e n t  a n a l y s i s  of the s o l u t i o n  and f o r  the s ake  of  g e n e r a l i t y  in c a l c u l a -  
t ion ,  we wi l l  a s s u m e  that  t 2 = ~ t t ,  w h e r e  ~ > 1. 

F o r  the c o n j u g a c y  cond i t i on  (22) and f r o m  the f i r s t  c o n j u g a c y  cond i t i on  we find a 1 and bl:  

b2o (bo - -  %) a2 o (b o - -  %) 
' 2 2 ( 2 4 )  a t = a2~l - -  b o bi --  bo - -  ao~ 1 

F r o m  the e x p o n e n t i a l  r e p r e s e n t a t i o n s  of (5) and (6) f o r  n = 0 and f r o m  the c o n j u g a c y  cond i t i on  f o r  
n = 2 we f ind 

No (6oz --eo2bo) - -  M o (~l ~ .q-eo~bobl) 
a 2 = 

Wo (25) 

bz N o (eotao - -  5ol ) - -  M o (1 + eoiaoa 0 
Wo 

whe r e  

Mo = ai (5oiai - -  2) + bt (6o262 - -  2) , 

2a o 2b o 

N O = eo2bob ~ - -  eotaoa~, 

Wo ----- - -  [(eo,ao - -  5ol) (~l 2 + eo2bobO d- (1 + eotaoa 0 (eozb o - -  602)]. 

Hav ing  t r a n s f o r m e d  the e x p r e s s i o n  f o r  the c o e f f i c i e n t s  in the s e c o n d  c o n j u g a c y  cond i t i on  to the f o r m  
n n--2 /~ t/--~ 

(n+2)a~+zaoa~+,--~ln+'(nq-2)b~+zbob~+,=~l"+l~_~(z+l)b~+, ~ b z b . _ z - -  Z ( h + l ) a h ~ , ~ % a  . . . .  (26) 
z = 0  ~U:0 h = 0  r 

with  c o n d i t i o n  (8) and  the e x p o n e n t i a l  r e p r e s e n t a t i o n s  of (5) and (6) we f ind the r e c u r s i o n  f o r m u l a  fo r  the 
d e t e r m i n a t i o n  of the c o e f f i c i e n t s  in the unknown s e r i e s  (10) and (11): 

N,~ (5oz - -  eozbo) (n q- 1) (n + 2) -~ M,~ [~1 n+2 q- (n ~- 2) bobn+t] 
a~+ 2 = Wn , (27) 
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A/I n [1 + (n -F 2) aoan+t] + N,~ (8oi --eolao) (n + 1) (n + 2) 
G+2 = , (28) 

where we have introduced the following notation: 

Ad n = 

M. A =  ao2 [ ( n + l ) a ~ +  l -  

n + l  

@2COt r e ( n - - m +  1)amG_,~+i + %l X ia i 
m = l  i ~ 2  

W~ 

Mn,i + M~.2; 
n k 

k = l  l=1  

t~ 

(i - -  1) a~+2_ I 5~ ( n +  1 )G+l+  ~ iaiy~%l_i]; 
a o  i=1  

__ 2 [(n + 1) b~+~ --  (n + : - -  k)b~+:_~ X bIH(k~'i A4n, 2 -- -bT 
k = l  1==1 

n n + l  n 

+ 2 % z X m ( n - - m +  l)b.~b,~_~+t q-%zXib~(g--1)  ,,+z_,-- T -  + 
m = l  i ~ 2  ~ 0  i = l  ' - -  " 

i 

] = I  s = l  

W~ = [1 + (n + 2) aoan+~] (5o~ - -  %2bo)(n + 1)(n+ 2) + (6o~ - -  eo~ao)(n + 1)(n + 2) [~+2 + (n + 2) bob,~+, ]. 

Under the condition that the coefficients of the equations in this system satisfy the condition for the 

existence of lira an/a n +p and lira bn/b n + a, the radius of convergence for series (I0) and (ii) can be de- 

termined n u m e r i c a l l y ,  by ca l cu l a t i ng  a su f f i c i en t  n u m b e r  of t e r m s  in the sequence  

R ~ , I -  an , R~,e~ bn (29) 
a n + p  bn+q 

to include the value from which the following equations will be satisfied: 

an -- an+p -- -- const = R/, (30) 
an+p an+2p 

bn _ bn+q _ = const = R q (31) 
bn+q bn+2q 

and with the accuracy that is required for the given problem. 

As was pointed out above, this expansion is unique and has a derivative at some t - t0, where t 0 
= const. In this case there exists a constant ~ for which 

t:+l 
] W (t) [ < exp ~ + 1 (32) 

With  this  me thod  we can  d e t e r m i n e  the ana ly t i ca l  cont inua t ion  of s e r i e s  (10) and (11) and find the 
s i n g u l a r i t i e s  of the r e s u l t i n g  so lu t ion .  R e g a r d l e s s  of the n u m b e r  of  ana Iy t i ca l  con t inua t ions  which p e r m i t  
i m p r o v e m e n t  in the c o n v e r g e n c e  of the e x p a n s i o n s ,  the f o r m  of (27) and (28) r e m a i n s  unchanged ,  which  is 
p a r t i c u l a r l y  conven ien t  when  us ing  c o m p u t e r s .  

Th is  me thod  a l so  m a k e s  it p o s s i b l e  to c o n s t r u c t  r e l a t i o n s h i p s  s i m i l a r  to (27) and (28) f o r  any func -  
t ion K(u). 

The con t r o l  c a l c u l a t i o n s  b a s e d  on the e x p a n s i o n  a l g o r i t h m s  w e r e  c a r r i e d  out on an  M-20  c o m p u t e r .  
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